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In this paper we will show that if X is a compactum cleavable over a ﬁrst-countable
scattered linearly ordered topological space (LOTS) Y , then X does not have to be
homeomorphic to a subspace of Y . We will then discover the conditions under which
cleavability implies a homeomorphism exists. Furthermore, we will show that if X is a
compactum cleavable over a ﬁrst-countable LOTS, then X is a LOTS.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A space X is said to be cleavable over a space Y along A ⊆ X if there exists a continuous f : X → Y such that f (A)∩ f (X \
A) = ∅. A space X is cleavable over Y if it is cleavable over Y along all A ⊆ X . The topic was introduced by A.V. Arhangel’skiı˘
and D.B. Shakhmatov in [1], though it was originally termed splitting, and it was in [2] that A.V. Arhangel’skiı˘ posed the
main questions related to the study of cleavability:
Question 1. When does cleavability of a space X over a Hausdorff space Y imply the existence of a homeomorphism from X to a
subspace of Y ?
Question 2. Let X be a compactum cleavable over a linearly ordered topological space (LOTS). Is X a LOTS?
For an answer to the ﬁrst question to be anything but trivial, one must impose some restrictions on X and Y . Firstly,
X and Y must be inﬁnite. The following is an example of a trivial result.
Example 1.1. Let X = {x1, x2, x3} and Y = {y1, y2}, both with the discrete topologies. Then X is cleavable over Y , but not
homeomorphic to a subspace of Y .
The same results are reached for any discrete X and ﬁnite Y such that |X | > |Y | > 1.
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most signiﬁcant consequences are reached, however, when one assumes X is compact. Every continuous function from a
compact space X to Hausdorff space Y must be closed, and therefore, proving a homeomorphism from X to a subspace of
Y exists becomes proving the existence of a continuous injective function from X into Y .
Including this information into our exploration of cleavability, let us restate the question on which we will be focusing:
Question 3. For inﬁnite spaces X and Y , does cleavability of a compact space X over a LOTS Y imply the existence of a homeomorphism
from X to a subspace of Y ?
This paper examines cleavability over scattered ﬁrst-countable LOTS, speciﬁcally cleavability over ω1. In Theorem 3.1,
however, we provide a negative answer to Question 3; that is, we give a simple example of an inﬁnite compact space X
and an inﬁnite LOTS Y such that X is cleavable over Y , but not embeddable into Y . We then prescribe the exact conditions
under which cleavability of a compactum X over a ﬁrst-countable LOTS Y implies such a homeomorphism exists. For papers
containing other results on cleavability, see [2] and [4].
Additionally, there are many papers dedicated to showing when a space is linearly orderable, and what properties linearly
orderable spaces have (see [5] and [6] for examples). The results of this paper provide a new characterization for when
compacta are linearly orderable: that is, an inﬁnite compactum is linearly orderable if it is cleavable over a ﬁrst-countable
scattered LOTS (Theorem 2.15).
In Section 2 we derive basic properties a compactum X must have when it is cleavable over a scattered ﬁrst-countable
LOTS Y . In particular, we prove that any compactum cleavable over ω1 must be embeddable into ω1 (Theorem 2.14).
The most important and interesting results of this paper, however, are contained in Section 3: we begin by providing
a counter-example, in which cleavability does not imply embeddability (Theorem 3.1). Then we describe the necessary
conditions under which cleavability of a compactum X over a ﬁrst-countable scattered linearly ordered topological space
(LOTS) Y implies embeddability of X into Y (Theorem 3.16).
2. General theorems
We commence our exploration by discussing those properties an inﬁnite compactum X must have if it is cleavable over
a scattered ﬁrst-countable LOTS. We then use these properties to prove the main theorems of this section, Theorems 2.13
and 2.14: that any inﬁnite compactum cleavable over ω1 must embed into ω1, and must also therefore be a LOTS.
To begin, we state two introductory theorems, the ﬁrst of which is from [2].
Theorem 2.1. If X is cleavable over a Hausdorff space Y , then X is Hausdorff.
Theorem 2.2. If X is a compactum cleavable over a scattered LOTS Y , then X is also scattered.
Proof. Assume for a contradiction that X contains a dense in itself subset D , and consider D . We know D is compact T2,
and perfect, therefore by [7] it is resolvable; that is, D = A ∪ B , A = B = D , and A ∩ B = ∅. Then no function can cleave
apart A and B . Therefore X cannot contain a dense in itself subset. 
The following results and deﬁnition can be found in [8] (Lemma 2.3 and Theorem 2.4), and [9] (Deﬁnition 2.5 and
Theorem 2.6).
Lemma 2.3. If X is cleavable over Y , and Y is cleavable over Z , then X is cleavable over Z .
Theorem 2.4. If X is a compactum cleavable over a ﬁrst-countable LOTS Y , then X is ﬁrst-countable.
Deﬁnition 2.5. A space X is said to be Fréchet–Urysohn if for every A ⊆ X and x ∈ A, there exists a sequence contained in
A that converges to X .
Lemma 2.6. Every ﬁrst-countable space X is Fréchet–Urysohn.
In general, the implication of Lemma 2.6 is not reversable. However, it is important to note that as we are dealing with
ﬁrst-countable X and Y , we will be relying on the property described in Deﬁnition 2.5 for many of the following proofs.
One should also note that every LOTS Y is normal, therefore Hausdorff and regular. Further, if X is compact and T2, then it
is also regular and normal.
The following two theorems may be found in [10] and [9] respectively.
Theorem 2.7. Every ﬁrst-countable compact scattered space is metrizable.
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Theorem 2.9. Every ﬁrst-countable compact scattered space is countable.
Proof. This follows from Theorems 2.7 and 2.8. 
Theorem 2.10. Let X be a compactum cleavable over a scattered ﬁrst-countable LOTS Y . Then X is countable.
Proof. This follows from Theorems 2.4 and 2.9. 
The following is a result from [11].
Theorem 2.11. If X is a compact countable metric space then X is homeomorphic to a countable ordinal.
We can now deﬁnitively answer Question 2 for the case when Y is a scattered ﬁrst-countable LOTS, as well as answer
our motivating question regarding cleavability over ω1.
Theorem 2.12. If X is a compactum cleavable over a ﬁrst-countable scattered LOTS Y , then X is homeomorphic to a countable ordinal.
Proof. We know by Theorems 2.2 and 2.4 that X must be ﬁrst countable, and scattered, thus is countable and metrizable
by Theorems 2.7 and 2.9. Thus by Theorem 2.11, X is homeomorphic to a countable ordinal. 
The following three theorems therefore follow from Theorem 2.12.
Theorem 2.13. If X is a compactum cleavable over a ﬁrst-countable scattered LOTS Y , then X must be a LOTS.
Theorem 2.14. If X is a compactum cleavable over ω1 , then X must be homeomorphic to a subspace of ω1 .
Theorem 2.15. A compactum X is linearly orderable if there exists a ﬁrst-countable scattered LOTS over which X is cleavable.
3. Necessary conditions for injectivity
We now have an answer to our motivating question: if X is cleavable over ω1, it must be homeomorphic to a subspace
of ω1. This is just one type of scattered ﬁrst-countable LOTS, though, and we will soon ﬁnd that we cannot prove the same
for all scattered ﬁrst-countable X and Y .
As a counter-example, let us examine two countable ordinals, ω · 3+ 1 and ω · 2+ 1.
Theorem 3.1. The compact Hausdorff space ω · 3+ 1 is cleavable over ω · 2+ 1, but is not homeomorphic to a subspace of ω · 2+ 1.
Proof. To show that ω · 3+ 1 is cleavable over ω · 2+ 1, we must show that for each A ⊂ ω · 3+ 1 there exists a continuous
f A : X → Y that cleaves A from its complement. There are several cases to consider for this set.




m, α ∈ A,
α, α ∈ ω · 2+ 1 \ A,
ω · 2, α = ω · 3,
ω + k, α = ω · 2+ k ∈ (ω · 2,ω · 3) \ A for k > 0.
This function clearly cleaves A from its complement. If A is ﬁnite and contains one limit point, λ, one can modify f A so




m, α ∈ A,
α, α ∈ ω + 1 \ A,
ω + k, α = ω · 2+ k \ A for k 0,
α, α ∈ (ω,ω · 2) \ A.
The same can be done when A contains two limit points. In fact, the previous example of a function serves to cleave A
from its complement when A contains ω and ω · 3. Modiﬁcations of the above functions can also serve to cleave A from its
complement if A is equal to a single limit point, if A is equal to two limit points, or if A is equal to all three limit points.
Now we consider an inﬁnite A. One function, and simple modiﬁcations of this function, serve to cleave all cases of
inﬁnite A from their complements. Enumerate the elements of A as αn in the following way: α3(k+1) is the least ordinal in
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co-inﬁnite A. For example, assume ω · 3+ 1 \ A is ﬁnite; just enumerate the βn as needed. The same can be done if any of




α, α ∈ [0,ω],
ω + 2k + 1, α = β3k+1 or β3k+2,
ω + 2(k + 1), α = α3k+1 or α3k+2,
ω · 2, α = ω · 2 or ω · 3.
In the case of the above function, it also cleaves A when A contains two limit points, namely ω · 2 and ω · 3. If A
contained two different limit points, such as ω and ω · 2, the function could be modiﬁed so that f A(ω) = f A(ω · 2) = ω, etc.
If A contained no limit points, either of the functions described above would cleave A from its complement.
Since for every A ⊂ ω · 3+ 1 there exists a continuous function that cleaves along A, ω · 3+ 1 is cleavable over ω · 2+ 1.
However, any continuous injective function must map limit ordinals of ω · 2 + 1 to limit ordinals of ω · 3 + 1. As there are
three limit ordinals to consider in ω · 3+ 1 and only two in ω · 2+ 1, no continuous injective function exists from ω · 3+ 1
to ω · 2+ 1. 
What, then, are the conditions under which cleavability of an inﬁnite compactum X over a scattered ﬁrst-countable LOTS
Y implies the existence of a homeomorphism from X to a subspace of Y ? In order to answer this question, we must ﬁrst
provide a few more details about the properties of X and Y . We begin by introducing some new deﬁnitions.
Deﬁnition 3.2. Let X be a topological space, and let A be a subset of X . The derived set of A, written as A′ , is the set of all
limit points of A.
Deﬁnition 3.3. For ordinal numbers α, the α-th Cantor–Bendixson derivative of a topological space X is deﬁned by trans-
ﬁnite induction as follows:
• X0 = X .
• Xα+1 = (Xα)′ .
• Xλ =⋂α<λ Xα for limit ordinals λ.
The smallest ordinal α such that Xα+1 = Xα is called the Cantor–Bendixson rank of X , written as CB(X).
Deﬁnition 3.4. Let X be a scattered topological space, and x ∈ X . The rank of x ∈ X , written as rank(x), is least ordinal α
such that x /∈ Xα .
We will be depending on derived sets and the Cantor–Bendixson rank of a space for the remainder of the proofs, and so
it would be useful to state a few introductory observations. They may also be found in [12].
Observation 3.5. If δ is the Cantor–Bendixson rank of X , then Xμ is closed for all μ δ.
Observation 3.6. For a scattered space X, the Cantor–Bendixson rank is the least ordinal μ such that Xμ is empty.
Observation 3.7. If X is a compact scattered topological space, then the Cantor–Bendixson rank of X must be a successor ordinal. In
addition, the rank of a single element x must be a successor ordinal.
We note that if the rank of x is β + 1, then Xβ is the last derived set of X of which x is an element.
In particular, from Observation 3.7 we have:
Deﬁnition 3.8. Let X be a scattered topological space. For x ∈ X , we use CB∗(x) to be the greatest ordinal β such that x ∈ Xβ .
From these observations it is easy to verify that the Cantor–Bendixson rank of any countable ordinal is countable, and
the rank of ω1 is ω1.
Lastly, we may also make the following observation:
Observation 3.9. If X is a topological space, x ∈ X, and U ⊆ X is an open set containing x, then the rank of x relative to X is equal to
the rank of x relative to U .
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The proof of Theorem 2.11 used in [11] relies on the idea of derived sets, and in fact shows the following:
Theorem 3.10. If X is a compact countable metric space such that Xβ is the last non-empty derived set of X , and such that Xβ contains
m-many elements, then X is homeomorphic to the ordinal (ωβ ·m) + 1.
Lemma 3.11, Deﬁnition 3.12, and Theorem 3.13 are due to Richard Lupton, and signiﬁcantly improve an analogous result
proved for compact X in an earlier version of this paper.
Lemma 3.11. Suppose X is scattered and A ⊆ X with x ∈ A \ A. Then CB∗(x) must be greater than infa∈A(CB∗(a)).
Proof. Let α = infa∈A CB∗(a). Then A ⊆ Xα , and, since Xα is closed, A ⊆ Xα . In particular, x ∈ Xα . We know x is not isolated
in Xα , since x is not an element of A, but every open set about x must have non-empty intersection with A. So x ∈ Xα+1,
and hence CB∗(x) α + 1. 
Deﬁnition 3.12. We say that an ordinal α is an even ordinal if α is of the form λ+ (2 ·n), where λ is a (necessarily unique)
limit ordinal and n is a natural number greater than or equal to 0. Let us denote the class of even ordinals by EON.
Theorem 3.13. Suppose X and Y are scattered and X cleaves over Y . Then CB(X) CB(Y ).
Proof. Let f : X → Y cleave along A, where A =⋃α∈EON(Xα \ Xα+1). We show by transﬁnite induction on CB∗(x), that for
each x ∈ X , CB∗(x) CB∗( f (x)). It follows that CB(X) CB(Y ).
The base case is clear since 0 CB∗( f (x)) for all x ∈ X . Let us now suppose, as an inductive hypothesis, that for x with
CB∗(x) α we have CB∗(x) CB∗( f (x)). Suppose x satisﬁes CB∗(x) = α + 1. Clearly α + 1 ∈ EON if and only if α /∈ EON, so












where the last inequality is from our inductive hypothesis. Hence CB∗( f (x)) α + 1 = CB∗(x).
Finally, suppose λ is a limit ordinal and, as an inductive hypothesis, for any x ∈ X with CB∗(x) < λ we have CB∗(x) 
CB∗( f (x)). Observe that λ ∈ EON. Suppose x ∈ Xλ \ Xλ+1, so CB∗(x) = λ. Suppose α < λ. As λ is a limit ordinal, there is
an ordinal β with β /∈ EON, and α  β < λ (one of α or α + 1 will work). In particular, f (x) /∈ f (Xβ \ Xβ+1). Nonetheless,











 β  α.
Since α < λ was arbitrary, CB∗( f (x)) λ, concluding the induction. 
Theorem3.14. If Y is a scattered ﬁrst-countable LOTS with Cantor Bendixson rank γ , and y ∈ Y is such that the rank of y is a countable
ordinal μ γ , then there exists a compact subspace of Y containing y such that the rank of y in this compact subspace is μ.
Proof. We will prove this by transﬁnite induction on the rank of y ∈ Y . As the base case is vacuous, and by Observation 3.7
the limit case is impossible, we will only consider the successor case, where μ = α + 1.
Let the rank of y be α + 1. Let 〈yn〉 be a sequence that converges only to y such that 〈rank(yn)〉 converges to α. Denote
rank(yn) as λn . This sequence exists since Y is a LOTS, and rank(y) = α+1. Without loss of generality, assume this sequence
is monotonically increasing. As y is the only limit point of this sequence, we can ﬁnd disjoint clopen sets Un around each
yn that contains no other ym for m = n; Un is a scattered ﬁrst-countable LOTS, in which the rank of yn is still λn (by
Observation 3.9). We may therefore apply our inductive hypothesis, and ﬁnd a compact subspace of Un , call it Dn , in which
the rank of yn is λn . I claim that D =⋃n∈ω Dn ∪ {y} satisﬁes our theorem. It is obvious by our construction that the rank of
y in C is α + 1. Compactness follows since every open set containing y contains all but ﬁnitely many of the Dn , and each
Dn is compact. 
We are now ready to deﬁne the conditions under which cleavability of a compactum X over a scattered ﬁrst-countable
LOTS Y implies a homeomorphism exists from X to a subspace of Y .
Theorem 3.15. If X is a compactum cleavable over a ﬁrst-countable LOTS Y such that Y is the one point compactiﬁcation of an inﬁnite
discrete space, then X is homeomorphic to Y .
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Let X be a space such that it has two limit points, x1, x2 and the rest isolated points that converge to these points. Let
〈x1,n〉 → x1 and let 〈x2,n〉 → x2 be arbitrary sequences in X . Let A ⊂ X, A = {x2} ∪ {x1,k: k is odd} ∪ {x2,k: k is odd}. Then
there does not exist any continuous function such that f (A) ∩ f (X \ A) = ∅, therefore X is not cleavable over Y .
We are assuming X is cleavable over Y , thus it must have only one limit point. (Every space X that has more than
one limit point contains a closed subspace with two limit points which would also be cleavable over Y by Lemma 2.3.) By
Theorem 3.10, this makes both homeomorphic to ω + 1, and thus X is homeomorphic to Y . 
Theorem 3.16. If X is a compactum cleavable over a scattered ﬁrst-countable LOTS Y , then X is homeomorphic to a subspace of Y if
and only if one of the following two properties holds:
1. The Cantor–Bendixson rank of Y is strictly greater than that of X .
2. The Cantor–Bendixson rank of X and Y are equal, and the number of elements in the last non-empty derived set of X is less than
or equal to the number of elements in the last non-empty derived set of Y .
Proof. As this is an “if and only if ” statement, we must prove the theorem true in two directions. The “if ” direction (if X is
homeomorphic to a subspace of Y , then one of the two properties holds) is obvious. For the “only if ” direction, let us ﬁrst
assume that the ﬁrst property holds.
Let the Cantor–Bendixson rank of Y be δ, and the Cantor–Bendixson rank of X be μ + 1. From Theorem 2.12, we know
μ + 1 must be countable, and thus by Theorem 3.14 we know there exists a compact subspace of Y with rank μ + 2.
Therefore by 3.10, X is homeomorphic to ωμ ·n+1 for some n ∈ ω, and Y contains a subspace homeomorphic to ωμ+1 +1.
As ωμ · n + 1 ⊂ ωμ+1 + 1, X is homeomorphic to a subspace of Y .
Now assume the Cantor–Bendixson rank of X and Y are equal to β + 1. Since X must be homeomorphic to a countable
ordinal, we know β + 1 must be countable as well. If |Y β | = m, then using the process described in the proof of Theo-
rem 3.14, we may construct a subset of Y homeomorphic to (ωβ ·m) + 1. The fact that X is homeomorphic to a subspace
of Y follows easily from Theorem 3.10. 
We have therefore described those conditions under which a compactum X , cleavable over a scattered ﬁrst-countable
LOTS Y implies the existence of a homeomorphism from X to a subspace of Y .
4. Conclusions and open questions
In this paper, we have shown that if X is an inﬁnite compactum cleavable over an inﬁnite ﬁrst-countable scattered LOTS,
then X must be homeomorphic to a countable ordinal. We have therefore given an aﬃrmative partial answer to Question 2,
and described the exact conditions under which a positive partial answer may also be given for Question 3.
There are, however, still many open questions related to this area of study:
Question 4. If X is an inﬁnite compactum, Y is an inﬁnite and scattered LOTS, and X is cleavable over Y , must X be a LOTS?
Question 5. If X is an inﬁnite compactum, Y is an inﬁnite and separable LOTS, and X is cleavable over Y , must X be a LOTS?
Question 6. If X is an inﬁnite compactum, Y is an inﬁnite, separable or scattered LOTS, and X is cleavable over Y , must X be embed-
dable into Y ?
As a partial answer to Questions 4 and 6, the author of this paper has been able to show that if Y is an ordinal, then X
must be homeomorphic to an ordinal as well [13].
Regarding Question 5, the author of this paper has been able to provide an aﬃrmative answer if there exists a continuous
f from X to Y such that {x ∈ X: | f −1( f (x))| > 1} is scattered [14]. The answer is still unknown for any other case.
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